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g I. INTRODUCTION

The rendezvous radar aboard the LM and the sextant
and VHF ranging device aboard the CM are sensors which
can provide data for lunar orbit rendezvous navigation. A
comparison of the navigation performance of the Kalman filter
when using these sensors individually and in combination is
presented in this memorandum. Specific questions of interest
are: What measurement errors are tolerable for the VHF rang-
ing device? and What covariance mairlix should be used to
initialize the Kalman filter? The Bellcomm Statistical Error

Simulation Program(l) was used to compute the performance of
the Kalman filter working with the various navigation sensors
and initial error covariance matrices.

ITI. RENDEZVOUS TRAJECTORY

CCMPARISON OF SENSOR
ITNITIAL ERROR COVARIANCE

ZV0US NAVIGATION
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The lunar orbits used in this analysis fo

o NSy

and the LM were specified by MSC for the Abort Gui

(AGS) performance analysis purposes;(2) the
be summarized as follows:

1. CSM is in a 60 NM circular orbit,

2. LM inserts into a 9.85 x 30 NM elliptical orbit
coplanar with CSM,

MATRICES FOR RENDE
(Bellcomm, Inc.)

(NASA-CR-104008)
PERFORMANCE AND

3. Phase angle at insertion is 23.95 deg., CSM
ahead of LM,

L, CSI occurs 30 minutes after insertion,
5. CDH occurs at first apsis.
The statistical simulation was begun at CSI time

and was terminated at an arbitrary time 3060 sec. later. A
30 NM differential altitude between CSM and LM orbit after
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CDH resulted from not making a CSI burn and from circularizing
the LM orbit one-half period after insertion. The CDH maneuver
was made at the 30 NM apoapsis of the LM trajectory, 1555 sec
after CSI time; Figure 1 displays LM altitude and relative posi-
tion and velocity.

Navigation marks were begun 3 minutes after CSI and
were continued subsequently at U4-minute intervals. An exam-
ination of the effects of the measurement schedule on naviga-
tion performance was not included in this analysis.

No maneuvers were made based on the navigation informa-
tion. The CDH maneuver was precomputed and the required AV and
time of CDH inserted into the program as input data. A nominal

and perfect CDH was made without execution error.

ITI. BELLCOMM STATISTICAL ERROR PROGRAM

PN

The estimated covariance matrix, E, of the navi-
gation error, e, (Figure 2) is computed by the Kalman filter

algorithms(3) implemented in the Bellcomm Statistical Error
Simulation Program. The actual navigation error covariance
matrix, E, which forms the output of this study, is computed
from the estimated covariance matrix as shown in Appendix 1,

It should be emphasized that the actual covariance
matrix computed by this program is a statistical representa-
tlon of the actual navigation error expected for an ensemble
of trajectories. The error sources which contribute to the
actual covariance matrix are the initial actual error
covariance matrix and the subsequent actual measurement errors
of the sensors. The estimated covariance matrix, on the other
hand, is initially a set of numbers (for starting the Kalman
filter) which may or may not be an accurate estimate of the
actual error. Subsequently, the estimated covariance matrix is
determined by the i1nitial covariance matrix estimate and the
estimate of the measurement errors of the sensors.

It should be pointed out that this ustiudy dealt with
relatively small navigation errors in which the linearity
assumption of the statistical simulation was surely not vi-
olated. TImplicit in the Kalman filter algorithms is the assump-
tion that the measurement deviation vector is linearly related
to the state deviation vector. Substantially larger navigation
errors which violate this linearity assumption would require a
Monte Carlo simulation rather than the statistical simulation.
The results of statistical simulation program computations would
not reveal a linearity assumption violation, if there were one,
unless the results were compared with the results of a Monte
Carlo simulation.
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The results of the study are presented as root-sum-
square (RSS) position and velocity errors derived from the ac-~

. . T . .
tual error covariance matrix E = e(e e ). Let the navigation
error have position and velocity vector components

=X
E:
=V
where
€, = position error vector
ey = velocity error vector

The RSS position and velocity error respectively are defined

as:
T
= Vor etee,D
WJ%P e(e e T)
Zv=v

where e is the expectation operator

RSS

RSS
v

IV. CASES RUN

Cases were selected and run to assess the effect on
navigation performance of the initial estimated E-matrix and of
navigation sensor errors. The initial actual E-matrix, E, was
in all cases taken to be an "MSFN E-matrix" representing LM state
uncertainties after MSFN tracking of the LM between insertion
and CSI. Four sets of cases were run, each with different initial

estimate E-matrices, E, shown in Table I. These covariance matrices
are expressed in LM local vertical coordinates (up, forward, cross-
plane) as follows:
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“X(up)
o} o]
XY Y(fwd)

Px7 Pyz 9% (cross)

Pxx Pyx P7x % (up)

P xy °vy A Py 9L (fwd)

Pxz Pyy P77 LD ¥/ Py7 97 (cross)
where

Sys Oys 97 are position standard deviations in thousands

of feet

Ogs Ogs O3 are velocity standard deviations in feet per
second

p13 are correlation coefficients

The results with Matrix (1), the MSFN E matrix, represent the nav-
igation errors associated with a best estimate initial covariance
matrix. Matrix (2), consisting of only the diagonal elements of
Matrix (1), shows the effect of simplifying the initial covariance
matrix by zeroing the correlation terms. Matrix (3), which is
further simplified from Matrix (2), has the same RSS position and
velocity errors as Matrices (1) and (2) except that the errors are
equally apportioned in the three directions. Matrix (4) has twice
the RSS position and velocity errors as Matrix (3) and shows the
effect of changing the error magnitudes of the scalar diagonal

initial E-matrix. The names associated with the matrices in Table T

are used in Figures 3 through 10.

Cases run for each of the four sets consisted of the
following sensor combinations:

it

1. VHF only, 1 o 80 ft. (nominal VHF)

2. VHF only, 1 o

240 ft. (degraded VHF)

3. VHF only, 1 500 ft. (degraded VHF)

Q
]

4, VHF only, 1 o

1000 ft. (degraded VHF)
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5. SXT-only
6. SXT + VHF
7. PNGCS (Rendezvous Radar)

The 80 ft 1lo for VHF corresponded to an accepted estimate of the

expected performance of the VHF.(M) The other three VHF-only cases

show the effect of degraded VHF performance. A recent estimate of

the VHF ranging performance based on test data is 30 = 424 ft.(S)
The performance associated with this error can be seen by inter-
polating the curves of the results.

V. SENSOR ERRORS

The values of the undegraded lo sensor errors used in
the simulation are listed in Table II with the sources referenced.
These values were derived from the rendezvous radar specifications,
the PNGCS and AGS P & I specifications, and from estimates of VHF
performance. Whereas the Bellcomm statistical computer simulation
does not estimate measurement error biases, both blas and random
errors attributed to the PNGCS sensors were root-sum-squared and
used as random errors 1in this simulation.

We feel that the present study method of using a
larger PNGCS angle random error (larger because it is the RSS of
the actual random error and the angle bias) gives comparable
results (in RSS navigation error) to the use of a smaller angle
random error and simultaneous estimation of the angle biases. In
the present study, the weights from the Kalman filter algorithm
are low, because of the large instrument error variance. In the
PNGCS, the weights on the state vector are also low, despilite the
smaller instrument error variance, because the angle bias must
also be estimated as well as the state vector. Further support
for this approach is contained in Appendix B to the AGS improved

radar filter study.(8)

VI. INITIAL COVARIANCE MATRIX

The initial LM actual error covariance matrix used in
the study represents the accuracy with which the state of the
LM can be determined using data from the MSFN. This matrix was
one of several published by MPAD in June 1967 for studies of AGS-

(9)

controlled ascent to rendezvous. These matrices corresponded
to LM equatorial launch sites from 45°Eto 45° W longitude. The
covariance matrix corresponding to the 0° launch site was select-
ed for this study since its RSS position and velocity error mag-
nitudes are typical of all sites except the westerly launch sites.
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Especially large errors are associated with the westerly launch
sites since there is less time for MSFN tracking and orbit deter-
mination after LM insertion. The MSFN tracking arc upon which the
covariance matrix is based extends from launch burnout to either
the time of CSI minus 10 minutes or LM occultation minus 10 min-
utes, whichever occurs first.

The ten minute interval was allowed for orbit deter-
mination convergence, update, and pre-thrust program between the
last usable MSFN data and either the CSI maneuver or LM occult-
ation, whichever was earlier. The covariance matrix as present-
ed by MPAD was referenced to an epoch at ascent burnout, but
represented the uncertainty in the LM state at epoch time based
on the permissible MSFN tracking data between insertion and CSI.

This covariance matrix may not be the most recent es-
timate of MSFN capability, although it 1s felt that the relative
navigation performance using different navigation sensors as
presented in this report will remain unchanged.

VII. DISCUSSION OF RESULTS

The rendezvous navigation performance for various sensors
and initial estimated E-matrices is compared in Figures 3 through
10. The figures show RSS position and velocity errors derived
from the actual (not the estimate) state vector covariance matrix.
A "no nav" curve is also included which shows the propagation of
initial errors associated with the MSFN E matrix. RSS errors both
before and after making navigation calculations are shown in the
figures; the constant time portions of the curves indicate the
reduction in RSS error afforded by each navigation measurement.

The following chart is a useful guide to the figures.

Position Velocity
E-Matrix Error Error
MSFN E Fig. 3 Fig. 4
Diagonal MSFN E 5 6
Scalar
Diagonal MSFN E 7 8
2x Scalar

Diagonal MSFN E 9 10




Bellcomm, Inc. -7 -

From these figures it can be observed that the VHF-only
performance tends to follow the "no nav" curves, except the case in
Figures 3 and 4 where the MSFN E-matrix is used as an initial esti-
mated E-matrix. Only during limited time intervals (between 1600
sec and 2300 sec in Figures 5 and 7, for example) does the VHF only,
when initialized by a diagonal E-matrix, offer substantially lower
errors than "no nav".

The reason for this somewhat surprising result can be
understood by comparing local vertical component curves of the VHF-
only error with corresponding components for "no nav'". These curves,
which are presented in Figures 11-14, show that the navigation per-
formance with VHF-only measurements is dominated by the out-of-planec
error. As would be expected, the VHF reduces the forward or dowh-
range position error significantly. Comparison of the up-direction
curves show that the VHF actually increases the up-direction posi-
tion error. The major capability of the VHF ranging is to reduce
in~plane errors. Since the cross-plane error was dominant for the
MSEFN E matrix used in this analysis, the VHF measurements were of
little benefit unless initial correlations were introduced in the
initial estimated E-matrix between the in-plane and out-of-plane
errors. The state transition matrix does not build up correlation
between the in-plane and out-of-plane error components.

The actual navigation error as presented in Figures 3
through 10 is distinctly different from the estimate navigation
error as generated by the Kalman filter algorithm. Figures 15 and
16, which illustrate these errors for 1o = 80 ft VHF-cnly show that
the actual error in this case was, at some times, a factor of two
larger than the Kalman filter estimates. The differences between
the actual and estimated covariance matrices arise from the differ-
ence between the initial actual and estimated E-matrices and from
the difference between the actual and estimated measurement error
covariance. The relationship between these factors can be seen in
Eq. (9) of Appendix 1. 1In this analysis the sensor actual and
estimated error covariances were identical, so that the difference
between the actual and estimated covariance matrices arose from
the differences in their initial values.

The SXT-only performance is much better than the VHF-
only performance, as can be seen in Figures 3 through 10. The 8XT-
only immediately reduces the out-of-plane error component and
continues to constrain it, whereas this component is not altered
by the VHF-only and dominates its RSS error. The operational use
of the SXT for rendezvous navigation may be somewhat limited, how-
ever, since there may not be sufficient light contrast between the
LM and the moon background except for brief periods when the sunlit
LM is viewed against the moon either in darkness or lighted by
earthshine, or when the LM's flashing light is distinguishable.
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Although the VHF in conjunction with the SXT reduces
the navigation error even lower than for SXT-only (Figures 3-10),
the further reduction afforded by the VHF provides marginal benefit.
On the other hand, the addition of SXT measurements to VHF measure-
ments provides a marked improvement in performance. Even one SXT
mark would be very beneficial, since it would reduce the out-of-
plane position error.

The effectiveness of optical measurements in reducing
out-of-plane position error suggests that VHF measurements should be
augmented with optical measurements with the Crew Optical Alignment
Sight (COAS) if the sextant is unavailable. At the initial range

of 1.7 X 106 ft, the 9000 ft out-of-plane error of this analysis
corresponds to an angle of 5 mr. Hence, if the measurement error

of the COAS were about 5 mr or less, it would be desirable to include
some COAS measurements to reduce the out-of-plane error which is

not altered by the VHF. Figs. 17 and 18 show the improvement made

by augmenting the VHF with 3 COAS marks.

The navigation performance using different initial
estimated E matrices for PNGCS is summarized in Figures 19 and 20.
Since the position and velocity errors for MSFN E are substantially
less than those for scalar diagonal E, it seems desirable to use
the MSFN E matrix as an initial estimate rather than a somewhat
arbitrary scalar diagonal matrix. Use of the MSFN E would, of course,
reqguire the transmission of the elements of MSFN E from the ground
to the LM. Overlay restricticns in erasable memory may limilt the
time intervals during which the covariance matrix could be uplinked.
The covariance matrix storage registers are shared by other programs
and routines, and conflicts must be avoided. While program mod-
ifications could surely alleviate these practical problems, the
existing overlay restrictions may permit uplinking the MSFN E. If
the non-diagonal MSFN E cannot be implemented, the figures show
. that the next best thing to do is uplink the diagonal elements of
the MSFN E. The currently planned technique of using a scalar diag-
onal initial covariance matrix is fthe least desirable of the three.
Doubling the RSS position and velocity errors of the scalar diagonal
matrix does not have much effect on the results.

A set of curves comparing various levels of VHF perform-
ance is displayed in Figures 21 and 22. Subjective comparison of
the curves shows that a VHF-only lo = 500 ft is approximately
comparable to PNGCS. This conclusion applies only for the curves
illustrated in the figures where MSFN E is used as the initial es-
timated E-matrix, since VHF-only does not substantially improve
navigation performance over "no nav'" when the initial estimated E
is taken to be a diagonal matrix.
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VIITI. CONCLUSIONS AND RECOMMENDATIONS

Based on the results of this study, the following

recommendations can be made:

1.

2014-wWoC-b

When using VHF-only data, the MSFN E-matrix (or some
other best estimate non-diagonal covariance matrix)
should be used as an initial estimated E-matrix.

The smaller errors resulting from sextant-only make
it a more desirable sensor than VHF-only. There is
marginal benefit in augmenting sextant measurements
with VHF measurcments.

To greatly reduce the out-of-plane errors, VHF
measurements should be augmented with one or more
sextant marks. If sextant operation is not
possible, COAS measurements would be a desirable
addition to the VHF.

Either the MSFN E or the diagonal MSFN E Matrix
yields smaller errors with the PNGCS than a

scalar diagonal initial E-matrix. If a scalar
diagonal matrix is used, a factor of two difference
in the scalar factor makes little difference in

the subsequent error.

/ C\ C’lv W ' Ul

Jw 0. Covington
#
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APPENDIX 1

DERIVATION OF ACTUAL COVARIANCE MATRIX OF NAVIGATION ERROR

The basic equations of the Kalman Filter are (see

Figure 2):
E,7t =Bt +HQTT H (1)
_ LAl 2 - ~y=1
W=EHQ ~ =EHHEH+ Q) (2)
"~ ~ T ~ ',\J A
X, = %_+ W(a - He_) = x_+ Wd - q) (3)
E+ estimated covariance matrix of navigation error, e,
after incorporating navigation data
E_ estimated covariance matrix of navigation error, e,
before incorporating navigation data
H measurement sensitivity matrix
Q estimated measurement error covariance matrix
W weighting matrix of filter
a measurement error
e_ navigation error prior to incorporating measurement,

>

>

(see Figure 2)

estimated state vector prior to incorporating
measurement data (see Figure 2)

estimated state vector after incorporating measurement
data (see Figure 2)

instrument reading

expected instrument reading




BELLCOMM, INC. ~ A2 -

From the definitions of Figure 2,

o
>
]

+ e, + 6x, (4)

§x = e + §8x. (5)

Substituting equations (2), (4), and (5) in Equation (3),

_ - =1 - ~=1..T
e, = e_+ E HQ a ~-E_HQ He _ (6)

Substituting equation (1) into equation (6),
e, = BE,HQ™! o+ E,E_Tle_ (7)

The actual covariance matrix of the navigation error in terms
of the estimated covariance matrix is:

ele,e T

+847) (8)

e}
i

T, 4 -1

B = B, (HQ lea tHT+E_"T'E_E_"HE, (9)

where ¢ denotes the expectation operation.

Equation (9) is used in the Bellcemm simulation program to
compute the actual error covariance matrix of the navigation
error in terms of the estimated covariance matrix generated
by the XKalman filter algorithms.
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(1)

(2)

(3)

NOTE:

Table I
Initial Estimated Covariance Matrices

MSFN E Matrix (see Note)

.680
-.857 1.44

.548 -.899 9.22

912 -.992 .842 1.70
-.999 854 -.540 -.908 .361

(Symmetric)

.342 -.218 .088 .255 =-.319 1.49

RSS 9.36 kft 2.29 fps

Diagonal MSFN E (see Note)

680 |
1.44
9.22

1.70
(diagonal)

o
(@)
]

RSS 9.36 kft 2.29 fps

Scalar Diagonal MSFN E (same RSS) (see Note)

5.40
5.40
5.40
1.32
(diagonal) 1.32

1.32

RSS 9.36 kft 2.29 fps

Diagonal elements are standard deviations; off-diagonal
elements are correlation coefficients. The RSS errors
are position and velocity respectively.




()

2X Scalar Diagonal MSFN E (see Note)

10.

8

10.8

10.

(diagonal)

8
2.65

2.65

2.65

RSS 18.73 kft

4.59 fps
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Table II

Sensor l-sigma Random Errors Used in the Analysis

RR
var™ | sx1r(8) | (pnaes)(7)
Range Error (ft) 80. | —=——- 500.
Range Scale Factor Error (%) = | m;ecme | cceea .33
Range Rate Error (ft/sec) = | m;mee | oo 1.
Range Rate Scale Factor Error (%) | ————e | ——c—ee- .4
Angle Error (mr) | —ceac .2 5.
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/" ACTUAL RSS POSITION ERROR — FT X 10-3
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ACTUAL RSS VELOCITY ERROR — fps
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ACTUAL VELOCITY ERROR — fps
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FIGURE 20. EFFECT OF INITIAL E ON VELOCITY ERROR, PNGCS



ACTUAL RSS POSITION ERROR — FT X 10°3
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FIGURE 21, EFFECT OF VHF PERFORMANCE ON RSS POSITION ERROR FOR MSFN E
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ACTUAL RSS VELOCITY ERROR - fps
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FIGURE 22,
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EFFECT OF VHF PERFORMANCE ON RSS VELOCITY ERROR FOR MSFN E




